We generalize the classical Szpiro inequality to the case of a semistable family of hyperelliptic curves. We show that for a semistable symplectic Lefschetz fibration of hyperelliptic curves of genus g, the number N of non-separating vanishing cycles and the number D of singular fibers satisfy the inequality N ≤ (4g + 2)D.
Introduction
The classical Szpiro inequality [Szpiro90] asserts that for any semistable algebraic family of genus one curves f : X → CP 1 , the number of components of the singular fibers of f is bounded from above by 6 times the number of singular fibers. A symplectic generalization of Szpiro's result was proven in [Amorós et al.] by a purely group-theoretic technique. Unfortunately the analogous bounds for fibrations of higher genus curves are extremely hard to obtain (or even guess) already in the algebraic-geometric setup.
In this note we generalize the techniques developed in [Amorós et al.] to obtain a proof of a Szpiro type bound for symplectic families of hyperelliptic curves. For hyperelliptic curves over number fields such a bound was conjectured by P.Lockhart in [Lockhart94] . Our goal is to prove the following symplectic version of Lockhart's conjecture.
Theorem A Let f : X → S 2 be a symplectic fibration of hyperelliptic curves of genus g with only semi-stable fibers. Assume further that f admits a topological section and that all the vanishing cycles of f are non-separating. Let D be the number of singular fibers of f and let N be the number of vanishing cycles. Then N ≤ (4g + 2)D.
Note that as a special case of this theorem one obtains a Szpiro inequality for algebraic families of hyperelliptic curves over CP 1 . From a slightly different perspective the Szpiro inequality can be viewed as an obstruction for the existence of a symplectic structure on a the total space of a topological Lefschetz fibration. Indeed, Theorem A implies that a topological Lefschetz fibration which violates the inequality N ≤ (4g + 2)D can not be symplectic or, equivalently, orientable (see e.g. [Amorós et al.] , ).
The paper is organized as follows. In section 2 we recall some (mostly standard) material about hyperelliptic symplectic fibrations, the hyperelliptic mapping class group and its relation with the braid group. In section 3 we describe an criterion for the triviality of a central extension of an Artin braid group. This criterion plays an important role in the proof of Theorem A -it provides an efficient way of controlling the ambiguity in lifting relations from the hyperelliptic mapping class group to the braid group. In section 4 we introduce our main technical tool -the displacement angle of an element in the universal cover of the symplectic group. Finally in section 5 we compare the values of the degree character and the displacement angle character on the braid group and use this comparison to deduce the hyperelliptic Szpiro inequality. We conclude in section 6 with a brief discussion of some ideas concerning the general Szpiro inequality.
of this paper, A.Agboola for bringing Lockhart's paper to our attention and S.-W. Zhang for explaining to us his proof of the elliptic Szpiro inequality for pencils over bases of higher genus.
Hyperelliptic symplectic fibrations
First we recall some basic definitions and results and describe the precise setting in which the Szpiro inequality will be considered in this paper. More details can be found in the papers [Amorós et al.] , , , [Smith98] .
Let (X, ω) be a smooth compact symplectic 4-fold. A differentiable fibration on X is a surjective C ∞ map f : X → S 2 with finitely many critical points Q 1 , Q 2 , . . . , Q N (not necessarily in distinct fibers) such that locally near each Q i ∈ X and f (Q i ) ∈ S 2 , there exist complex analytic coordinates x, y on X and t on S 2 , so that t = f (x, y) = x 2 + y 2 . A differentiable fibration f : X → S 2 is called symplectic if the smooth fibers of f are symplectic submanifolds with respect to ω and if for every Q i the symplectic form ω Q i ∈ ∧ 2 T * Q i X is non-degenerate on each of the two planes contained in the tangent cone of f −1 (f (Q i )) at Q i .
In particular, for a symplectic fibration the local complex analytic coordinates around each Q i can be chosen to be compatible with a global orientation on X.
For a point p ∈ S 2 we will denote the fiber f −1 (p) by X p . Since by definition the rank of df drops only at the points Q i , it follows that for each p the fiber X p is singular only at the points X p ∩ {Q 1 , . . . , Q N }. Let p ∈ S 2 and let X ♯ p = X p − {Q 1 , . . . , Q N } be the smooth locus of X p . A compact surface Z ⊂ X which is the closure of some connected component of some X ♯ p is called a fiber component of f : X → S 2 . Note that for each p the homology
, where Σ denotes the closure of Σ in X and n Σ is a positive integer -the multiplicity of the fiber component Σ. Again the assumption that the Q i 's are the only critical points of f implies that n Σ = 1 for all possible fiber components.
Let f : X → S 2 be a symplectic fibration of fiber genus g ≥ 1. By analogy with the algebro-geometric case we will say that f is semistable if and only if for every p ∈ S 2 and every Σ ∈ π 0 (X ♯ p ) of genus zero we have that Σ is homeomorphic to a sphere with at least two punctures.
Given a symplectic fibration f : X → S 2 , we denote by p 1 , . . . , p D ∈ S 2 the critical values of f . The restriction of f to S 2 − {p 1 , . . . , p D } is a C ∞ fiber bundle with a fiber some closed oriented surface C g of genus g. Choose a base point o ∈ S 2 − {p 1 , . . . , p D } and put mon :
for the corresponding geometric monodromy representation.
The hyperelliptic fibrations are singled out among all possible symplectic fibrations by a condition on the geometric monodromy. Fix a double cover ν : C g → S 2 and let ι ∈ Map g denote the mapping class of the covering involution. The hyperelliptic mapping class group of genus g is the centralizer ∆ g of ι in Map g :
Similarly we can consider versions of ∆ g that take into account punctures on C g . Concretely,
denote by Diff
the group of all orientation preserving diffeomorphisms of C g preserving n + r distinct points on C g and inducing the identity on the tangent spaces at r of those
With this notation we can now define Definition 2.1 A hyperelliptic symplectic fibration on a smooth symplectic 4-fold (X, ω)
is a symplectic fibration f : X → S 2 , with a monodromy representation is conjugate to a representation taking values in ∆ g .
The fibration f : X → S 2 is said to be a hyperelliptic symplectic fibration with a section, if f has a topological section and the corresponding monodromy representation in Map A classical theorem of Kas [Kas80, Theorem 2.4] asserts that for a symplectic fibration f : X → S 2 of genus g ≥ 2 the diffeomorphism type of f is uniquely determined by the geometric monodromy of f . Therefore the fact that f : X → S 2 is a hyperelliptic fibration with a section is equivalent to the existence of a topological section of f together with an involution of X which preserves the section and acts as a hyperelliptic involution on each fiber of f .
In the remainder of this paper we will consider only semistable hyperelliptic fibrations with a section. The geometric monodromy representation for such an f : X → S 2 sends a small closed loop running once counterclockwise around one of the p i into the product of right handed Dehn twists about the cycles vanishing at the points {Q 1 , . . . , Q N } ∩X s i . Thus the monodromy representation mon :
where τ i ∈ ∆ g denotes the mapping class of the right-handed Dehn twist in Diff + (C g ) about the loop vanishing at Q i .
Similarly the monodromy representation
g is completely encoded in the relation in the group ∆ 1 g :
where t i ∈ ∆ 1 g denotes the right-handed Dehn twist Diff + (C g ) 1 about the loop vanishing at
Central extensions of Artin braid groups
In this section we recall some standard facts about Artin braid groups and study an important class of central extensions of such groups.
Let Γ be a graph with a vertex set I. Assume that Γ has no loops and that any two vertices of Γ are connected by at most finitely many edges.
Definition 3.1 The Artin braid group associated with Γ is the group Art Γ generated by elements {t i |i ∈ I}, so that if i, j ∈ I are two distinct vertices connected by k ij edges, then t i and t j satisfy the relation
where both sides are words of length k ij + 2.
Remark 3.2 (i) Note that by specifying a graph Γ one specifies not only the Artin braid group Art Γ but also a presentation of Art Γ . The pair (Art Γ , {t i } i∈I ) consisting of an abstract
Artin braid group together with a set of standard generators is called an Artin system.
(ii) Given an Artin system (Art Γ , {t i |i ∈ I}), one obtains a natural character deg : Art Γ → Z, which sends each generator to 1 ∈ Z.
(iii) If Λ ⊂ Γ is a full subgraph (i.e. I(Λ) ⊂ I(Γ) and if i, j ∈ I(Λ), then k ij (Λ) = k ij (Γ), then the natural homomorphism Art Λ ⊂ Art Γ is known to be injective [van der Lek83] .
Let now (Art Γ , {t i } i∈I ) be the Artin system corresponding to a graph Γ. [Fuks70] it is known that when Γ is a Dynkin graph of type A n , the group H 2 (Art Γ , Z) is torsion and that when n ≥ 3 it does contain a non-trivial two torsion.
Let A(Γ) be the set of all abelian subgroups Art Γ which are generated by {t i } i∈J for some J ⊂ I. Equivalently A(Γ) can be identified with the set of all subgroups G ⊂ Art Γ of the form G = Art Λ , where Λ ⊂ Γ is a full subgraph with no edges.
be the corresponding central extension of Art Γ .
Consider the subgroup
Explicitly E(Γ) consists of all γ ∈ H 2 (Art Γ , Z) for which the natural pullback sequence
We have the following simple Lemma 3.3 Assume that the graph Γ is simply-laced (and hence simply connected). Then E(Γ) = 0.
Proof. Fix γ ∈ E(Γ). Consider the central extension (γ) and let {a i } i∈I ⊂ Φ γ be lifts of
Since Γ is assumed to be simply-laced, it follows that all relations defining Art Γ are:
• t i t j = t j t i if i and j are not connected by an edge;
• t i t j t i = t j t i t j if i and j are connected by an edge.
Let i = j be two vertices of Γ which are not connected by an edge. Consider the subgroup
and so by our hypothesis this implies that the sequence
is split. In particular this means that Φ γ × Art Γ G is abelian and so for
we get a i a j = a j a i .
Let now c ∈ Φ γ be the generator of Z ⊂ Φ γ and let i, j ∈ I be two vertices of Γ which are connected by an edge. Since t i t j t i = t j t i t j we have that
for some integer n [ij] .
Consider the one dimensional complex Γ. Let C ′ 1 (Γ, Z) be the free abelian group generated by the oriented edges of Γ. In particular, for every edge of Γ we have two generators of C ′ 1 (Γ, Z). Introduce the relation that the two generators corresponding to an edge are negative of each other. Let C 1 (Γ, Z) denote the quotient group. It has one generator for each edge of Γ. Note that these generators can be denoted by their end points. We put [ij] for the edge connecting i and j, with the orientation 'from i to j'. In particular [ 
The group of 1-cochains of Γ with coefficients in Z is the group Hom Z (C 1 (Γ, Z), Z). In other words, a 1-cochain of Γ is given by a collection of integers
Note that n [ij] = −n [ji] due to the defining relation (3.1) and so n := {n [ij] } ∈ C 1 (Γ, Z).
However dim Γ = 1 and so C 1 (Γ, Z) = Z 1 (Γ, Z). Furthermore Γ is simply connected and so Z 1 (Γ, Z) = δC 0 (Γ, Z). Hence we can find a zero cochain m := {m i } i∈I of the simplicial complex Γ, so that n = δm.
Consider the elements
Clearly the b i 's also lift the t i 's and we have b i c = cb i and b i b j = b j b i for i, j ∈ I which are not connected by an edge in Γ. Finally, for i, j ∈ I which are connected by an edge, we calculate
This implies that the subgroup of Φ γ generated by the b i 's is isomorphic to Art Γ and splits off as a direct summand in Φ γ . Hence γ = 0 in H 2 (Art Γ , Z) and so the lemma is proven. 2
Displacement angles
Let H be a free abelian group of rank 2g and let θ : H ⊗ H → Z be a symplectic unimodular pairing on H. Consider the 2g dimensional vector space H R := H ⊗ R. The real symplectic group Sp(H R , θ) is homotopy equivalent to its maximal compact subgroup which in turn is isomorphic to the unitary group U(g). In particular
Let Λ(H R , θ) be the Lagrangian Grassmanian of the symplectic vector space (H R , θ). The Grassmanian Λ(H R , θ) can be identified with the homogeneous space U(g)/O(g) as follows.
Choose a complex structure I : H R → H R which is θ-tamed. This simply means that γ(x, y) := θ(I(x), y) is a positive definite symmetric form and so η = γ + √ −1θ is a positive definite Hermitian form on the g-dimensional complex vector space H C := (H R , I). Now every element in the unitary group U(H C , η) necessarily preserves θ and so we get an inclusion
subspace, then every basis of λ which is orthonormal w.r.t. γ |λ will also be a C-basis of H C which is orthonormal w.r.t. η. In particular if λ, µ ∈ Λ(H R , θ) are two Lagrangian subspaces and we choose γ-orthonormal bases in λ and µ respectively, then there will be unique element u ∈ U(H C , η) which sends the basis for λ to the basis for µ and so u(λ) = µ. This shows that U(H C , η) will act transitively on Λ(H R , θ) and that the stabilizer of a point
can be identified with the orthogonal group O(λ, γ |λ ). Thus
This homogeneous space interpretation can be used to show [Arnold67] that the fundamental group of the Lagrangian Grassmanian is isomorphic to Z. Indeed the natural determinant homomorphism det : U(g) → S 1 restricts to det : O(g) → {±1} on O(g) and so descends to a well defined map d :
The fiber of d is diffeomorphic to the homogeneous space SU(g)/SO(g). But SU(g) is simply connected and SO(g) is connected and so π 1 (SU(g)/SO(g)) = {1} from the long exact sequence of homotopy groups for the fibration SU(g) → SU(g)/SO(g). Therefore by the long exact sequence of homotopy groups for the fibration d :
Note that the group Sp(H R , θ) also acts transitively on Λ(H R , θ) and that Sp(H R , θ) acts transitively on the universal cover Λ(H R , θ) of Λ(H R , θ).
Recall that every vector a ∈ H R generates a one parameter unipotent subgroup in
Sp(H R , θ) by the formula
Every element of the form T a (s) = T √ sa (1) is called a symplectic transvection. In the case when H = H 1 (C, Z) for some smooth surface C, the element T a (1) is the image of the oriented Dehn twist along a simple closed curve representing the homology class a ∈ H 1 (C, Z).
We begin with the following lemma.
Lemma 4.1 Let t ∈ Sp(H R , θ) be a symplectic transvection. Then there exists a unique lift t ∈ Sp(H R , θ) of t which acts with fixed points on Λ(H R , θ).
Proof. To check thatt exist write t = T a (1) for some a ∈ H R . The vector a can be included in a symplectic basis a 1 = a, a 2 , . . . , a g , b 1 , b 2 , . . . , b g of H R , and so t preserves the Lagrangian subspace λ := Span R (a 1 , . . . , a g ). Letλ ∈ Λ(H R , θ) be a preimage of λ ∈ Λ(H R , θ) and let p ∈ Sp(H R , θ) be a preimage of t ∈ Sp(H R , θ). Then p ·λ maps to t · λ = λ and so we can find a deck transformation c ∈ π 1 (Λ(H R , θ), λ) = Z satisfying c(p ·λ) =λ. On the other hand, the continuous map m :
where by (cp) we mean the product ofc ∈ Z( Sp(H R , θ)) ⊂ Sp(H R , θ) and p ∈ Sp(H R , θ) in the group Sp(H R , θ). However multiplication by elements in π 1 (Sp(H R , θ), e) ⊂ Z( Sp(H R , θ)) preserves the fibers of the covering map Sp(H R , θ) → Sp(H R , θ). and so we may taket :=cp.
Therefore, in order to finish the proof of the existence oft we have to show that c ∈ im(m * ). As we explained above the identification Λ(
that the map m * fits in the following commutative diagram with exact rows
and so we have a natural lift t (2) of the action of t on Λ(H R , θ) to an automorphism of the
induces an isomorphism on fundamental groups and so c ∈ im(m * ) if and only if the automorphism t (2) acts trivially on the fiber of
But by construction this fiber can be identified with the quotient Z/2 of π 1 (Λ(H R , θ), λ) and the action t (2) on the fiber can be identified with the action on Z/2 induced from
. Finally note that Sp(H R , θ) is connected and so the action of t on Λ(H R , θ) is homotopic to the identity. Hence t * acts trivially on π 1 (Λ(H R , θ), λ) and c ∈ im(m * ).
Next we prove the uniqueness oft. To that end we calculate the fixed locus oft on
Indeed, the locus Fix t (Λ(H R , θ)) consists of all Lagrangian subspaces µ ∈ Λ(H R , θ) that contain the vector a ∈ H R and so is isomorphic to the Lagrangian Grassmanian of a symplectic vector space of dimension 2g − 2. To see this consider the θ-orthogonal complement a ⊥ of a in H R . The 2g − 1 dimensional subspace a ⊥ ⊂ H R contains a and inherits a skew-symmetric form θ |a ⊥ whose kernel is spanned by a. The θ-lagrangian subspaces in H R which contain the vector a are all contained in a ⊥ . Therefore Fix t (Λ(H R , θ)) can be identified with the set of all g-dimensional subspaces in a ⊥ which are θ-isotropic and contain the vector a.
Since ker(θ |a ⊥ ) = R · a, the form θ |a ⊥ descends to a symplectic formθ on the quotient space H R := a ⊥ /R · a. Now every g-dimensional θ-isotropic subspace in a ⊥ which contains a will map onto aθ-Lagrangian subspace of H R and conversely -the preimage of aθ-Lagrangian subspace ofμ ⊂ H R will be a g-dimensional θ-isotropic subspace µ ⊂ a ⊥ which contains a.
In other words, we have constructed an inclusion Λ(H R ,θ) ֒→ Λ(H R , θ), whose image is precisely Fix t (Λ(H R , θ)). In particular this shows that Fix t (Λ(H R , θ)) is connected and that the
induces an isomorphism on fundamental groups. This implies that π −1 (Fix t (Λ(H R , θ))) is and simply connected and that the map
But by definition π •t = t • π and that t acts trivially on Fix t (Λ(H R , θ)). This shows thatt is an automorphism of the universal covering map π :
and sot|π −1 (Fix t (Λ(H R , θ))) must be a deck transformation. However by constructiont fixes
Thus we have established the validity of (4.3).
Consider now some other lift q of t. Then q = ct for some c ∈ π 1 (Sp(H R , θ)). Now again θ) ) and sincet acts trivially on π −1 (Fix t (Λ(H R , θ)) we see
. But c is a deck transformation and so acts without fixed points. Thus Fix q ( Λ(H R , θ)) = ∅ and the uniqueness of the liftt is proven. 2
Consider next the standard Artin braid group B 2g+2 on 2g + 2 strands. In other words B 2g+2 := Art A 2g+1 is the Artin braid group corresponding to the Dynkin graph A 2g+1 . Ex-
Fix a closed oriented surface C g of genus g and a hyperelliptic involution ι on C g . If we choose a sequence of loops c 1 , c 2 , . . . , c 2g+1 on C g as depicted on Figure 4 .1, we can realize the generators t i geometrically as the right handed Dehn twists t c i . The assignment t i → t c i ∈ Map g,1 induces a homomorphism κ g,1 : B 2g+2 → Map g,1 and after compositions with the natural projections induces homomorphisms
/ / Sp(H 1 (C g , Z) ).
Furthermore, if one is careful enough to chose the c i so that they are invariant under the hyperelliptic involution ι, then the image of κ g,1 will be the hyperelliptic mapping with a kernel normally generated by the element (t 
Consider the lattice H := H 1 (C g , Z) together with symplectic unimodular pairing θ : H ⊗ H → Z corresponding to the intersection of cycles. Let now
be the pullback of the central extension (4.2) via the homomorphism
we have the following important Proposition 4.2 The extension (4.4) is a split extension. 
As explained above, it suffices to show that 4.5 is split in order to prove the proposition. To achieve this consider the subspace Span R (a 1 , . . . , a k ) ⊂ H R . Since by assumption this subspace is θ-isotropic we can find a Lagrangian subspace λ ∈ Λ(H R , θ) so that λ ⊃ Span R (a 1 , . . . , a k ). In particular we will have t i · λ = λ for all i = 1, . . . , k and hence λ ∈ Fix S (Λ(H R , θ)) = ∅. We now have the following Lemma 4.3 For every element g ∈ S there exists a liftg ∈ S which is uniquely characterized by the property
Proof. We will prove the lemma by induction on k. For k = 1 this is precisely the statement of Lemma 4.1. Let k > 1. By the inductive hypothesis the elements of the subgroup generated by t 1 , . . . , t k−1 lift uniquely to elements in S which fix all points in the set π −1 (Fix t 1 ,. .. ,t k−1 (Λ(H R , θ))). By applying Lemma 4.1 again to the image of the element a k in the symplectic vector space Span(a 1 , . . . , a k−1 ) ⊥ / Span(a 1 , . . . , a k−1 ) we get the required lifts for all elements in S. 2
By Lemma 4.3 we get a set theoretic map S → S, g →g, which splits the exact sequence (4.5). However if g, h ∈ S are two elements, theng ·h is a lift of g · h which necessarily fixes all points in π −1 (Fix S (Λ(H R , θ)) sinceg andh fix those points individually. Thus g · h =g ·h and hence the assignment g →g is a group-theoretic splitting of (4.5). This finishes the proof of proposition 4.2. 2
The reasoning in the proof of the previous proposition gives as an immediate corollary the following statement which we record here for future use.
Corollary 4.4 There exists a homomorphismσ g : B 2g+2 → Sp(H, θ) so that π • σ g =σ g and for whichσ g (t i ) = σ g (t i ) is the unique lift of σ g (t i ) from Lemma 4.1.
For the remainder of the paper we fix once and for all a base point λ 0 ∈ Λ(H R , θ). Let U(g) ∼ = K ⊂ Sp (H 1 (C g , R) ) be a maximal compact subgroup. The choice of λ 0 determines a K-equivariant surjection K → Λ(H R , θ), which as explained at the beginning of this section combines with the determinant homomorphism det : U(g) → S 1 into a well defined map
Consider the subset 
Proof. Letλ ∈ Λ(H R , θ) and let v ∈ K be an element which maps toλ under the natural
Then by the definition of the liftsd K and det we have det(v) =d K (λ)+c where c ∈ R is a fixed constant depending on the choice of the liftd only, and not on the
The lemma is proven. (ii) The interior of the non-positive cone sp(−) is the union of the interiors of all cones of the form k(−).
Proof. To prove part (i) recall that the choice of a maximal compact subgroup K ⊂ Sp(H R , θ) corresponds to the choice of a complex structure I : H R → H R which is θ-tamed. Once such an I is chosen we can identify K with the unitary group U(H C , η), where
) and η(x, y) = θ(I(x), y) + √ −1 · θ(x, y). Under this identification H C becomes the fundamental representation of k. Furthermore if a 1 , . . . , a g is a basis of λ 0 ⊂ H R , which is orthonormal w.r.t. to the form θ(I(x), y), it follows that a 1 , . . . , a g is an orthonormal basis of (H C , η) and a 1 , . . . , a g , I(a 1 ), . . . , I(a g ) is a symplectic basis of (H R , θ). In particular in the basis a 1 , . . . , a g , I(a 1 ), . . . , I(a g ) the Gram matrix of the skew-symmetric form θ equals the matrix of the linear operator I equals the standard matrix
(Here as usual I g denotes the identity g × g matrix.) Let now x ∈ k be any element. (ii) The same reasoning as in the proof of part (i) of the previous lemma shows that ∂sp(−)
consists of all elements x ∈ sp(−) for which we can find a decomposition
• W ′ , W ′′ ⊂ H R are non-trivial symplectic subspaces;
To Keeping this in mind we can make the following general definition: (c) For an element t ∈ B 2g+2 of the braid group we will say that t has a non-positive displacement angle (respectively has displacement angle da(t) equal to φ) if its imagẽ
Remark 4.9 The notion of a displacement angle that we have just introduced specializes to the one considered in [Amorós et al.] for the case when g = 1. Similarly to the genus one case, the displacement angle of an element t ∈ B 2g+2 makes sense 'on the nose' only if the image of t in Sp(H, θ) is contained in U(g). For arbitrary elements t we can talk only about the direction or the amplitude of a displacement via t, but the actual value of the displacement depends on the point in the Lagrangian Grassmanian on which t acts.
Note also that in contrast with the g = 1 case the displacement angle can not be defined directly for hyperelliptic mapping classes τ ∈ ∆ 1 g but only for their lifts in B 2g+2 . In other words, rather than working directly with τ we need to chose an element t ∈ B 2g+2 such that κ 1 g (t) = τ and work with t instead. One does not see the necessity of such a choice in the genus one case where the natural map κ 1,1 : B 4 = SL(2, Z) → ∆ 1,1 is an isomorphism and so we have canonical lifts for Dehn twists.
Remark 4.10 In order to define the subsemigroup Sp(−) and to characterize the elements in K ∩ Sp(−) in terms of the character det in Lemma 4.5, we had to make some (rather mild) choices. Namely we had to choose a maximal compact subgroup K ∼ = U(g) ⊂ Sp(H 1 (C g , R) ) and a U(g)-equivariant surjection U(g) → Λ(H R , θ). It is instructive to examine the geometric meaning of these choices.
As explained at the beginning of the section, the choice of K is equivalent to choosing a θ-tamed complex structure I on the real vector space H R := H 1 (C g , R) . A natural choice for I will be the Hodge * operator corresponding to a (conformal class of a) Riemannian metric on C. In other words, every choice of a complex structure on C corresponds to a choice of U(g). However not every I comes from a choice of a complex structure on C g . Indeed, specifying the complex structure I on H R is equivalent to specifying a splitting of the complex vector space H C := H R ⊗ C as H C = H C ⊕ H C , i.e. to viewing the triple (H Z , H C , θ) as a pure polarized Hodge structure of weight one. Thus the choice of U(g) is equivalent to endowing the torus H R /H Z with the structure of a principally polarized abelian variety and the choice of K will correspond to a complex structure on C g if and only if the corresponding period matrix satisfies the Schottky relations.
The ambiguity in the choice of the surjection U(g) → Λ(H R , θ) also has a transparent geometric meaning. In order to map U(g) equivariantly to Λ(H R , θ) we only need to choose a base point λ 0 ∈ Λ(H R , θ), i.e. a Lagrangian subspace in H R . This choice can be rigidified somewhat if we choose a Lagrangian subspace in H R which is defined over Z. A standard way to make such a choice will be to choose a collection of a and b cycles on C g and then take λ 0 = Span(a 1 , . . . , a g ).
We conclude this section with an estimate for the amplitude of the displacement angle of some special elements of B 2g+2 which act with fixed points on the Lagrangian Grassmanian Λ(H R , θ):
g is a product of commuting right Dehn twists. Then −π ≤ da(t) ≤ 0.
Proof. By hypothesis the element σ g (t) is unipotent and so the element x ∈ sp(−2π, 0] for which Exp(x) =σ g (t) must be nilpotent. But the nilpotent elements in sp(−) are contained in the boundary ∂sp(−) which is in turn contained in the subdomain
The lemma is proven.
2
Remark 4.12 Note that the hypothesis on t in the previous lemma implies that σ g (t) has a fixed point on Λ(H R , θ). In fact by using the description of the boundary ∂sp(−) in Remark 4.7 (ii) one can check that Lemma 4.11 holds for any non-positive element t for which σ g (t) has a fixed point on Λ(H R , θ).
The proof of Theorem A
Let f : X → S 2 be a semistable hyperelliptic symplectic fibration with a topological section and general fiber C g .
Consider the surjective homomorphisms κ 1 g : B 2g+2 → ∆ 1 g and σ g : B 2g+2 → Sp(H, θ) introduced in the previous section and let
Consider the following two elements in B 2g+2 :
It is known by that the subgroup K ⊂ B 2g+2 is generated by the elements h 2g+1 (hh) −1 and h 2g+2 as a normal subgroup. Furthermore, since σ g (K) = {1} ∈ Sp(H Z , θ)
it follows thatσ in Sp(H, θ). In particular σ g (h), σ g (h) ∈ U(g) for a suitably chosen maximal compact subgroup U(g) ⊂ Sp(H R , θ).
(ii) The elementsσ g (h) andσ g (h) are conjugate in Sp(H, θ).
(iii) The displacement angles of h andh are equal to − π 2 .
Proof. For the proof of parts (i) and (ii) we will need the following standard geometric picture for h andh. Choose a geometric realization for the double cover ν : C g → S 2 in which the branch points of ν are the 2g + 2 roots of unity ζ 1 , ζ 2 , . . . , ζ 2g+2 of order 2g + 2, labeled consecutively (in the counterclockwise direction) along the unit circle. Let Diff
) be the group of orientation preserving diffeomorphisms of S 2 which leave the set of points
)) be the corresponding mapping class group. It is well known Birman74] that the hyperelliptic mapping class group ∆ g can be constructed as a central extension
where the central Z/2 is generated by the mapping class of the hyper-elliptic involution ι.
In terms of this realization of ν : C g → S 2 the surjective homomorphism
can be described explicitly [Birman74, p.164]:
• ρ g : B 2g+2 → Γ 2g+2 sends the positive half-twist t i ∈ B 2g+2 to the mapping class x i of a Dehn twist on S 2 which is the identity outside of a small neighborhood of the circle segment connecting ζ i with ζ i+1 and which switches ζ i with ζ i+1 .
• The kernel ker B 2g+2 ρg → Γ 2g+2 is generated as a normal subgroup by the elements hh and h 2g+2 .
Note that h 2g+2 is a full twist in B 2g+2 and so in the above realization of ν :
the mapping class ρ g (h 2g+2 ) can be represented by a rotation on S 2 through angle 2π. In particular we see that ρ g (h) ∈ Γ 2g+2 is the mapping class of the counterclockwise π g + 1 -rotation on S 2 . Similarly ρ g (h) ∈ Γ 2g+2 is the mapping class of the clockwise π g + 1 -rotation.
This proves part (i) of the proposition.
Next observe that ρ g (h) and ρ g (h) are manifestly conjugate in Γ 2g+2 . Indeed we have ρ g (h) = sρ g (h)s −1 , where s is the antipodal involution s(ζ) = 1/ζ on S 2 .
The elements ρ g (h) and s generate a dihedral subgroup D 2g+2 ⊂ Γ 2g+2 of Γ 2g+2 . The
which is the pull back of the standard Heisenberg extension
Since the Heisenberg extension splits over any cyclic subgroup, it follows that we can find a natural lift of s to an element in D 2g+2 ⊂ ∆ g which conjugates κ g (h) into κ g (h).
Combined with the fact that ∆ g → Sp(H, θ) is a group homomorphism this implies that σ g (h) = s ′ σ g (h)s ′ −1 for a suitably chosen s ′ ∈ Sp(H, θ). Lets ∈ Sp(H, θ) be an element which maps to s ′ ∈ Sp(H, θ). We will check thatsσ g (h)s −1 =σ g (h). First observe that for any symplectic transvection t ∈ Sp(H R , θ) the conjugate element s ′ ts ′ −1 ∈ Sp(H R , θ) is also a symplectic transvection. Lett ∈ Sp(H R , θ) be the standard lift of t described in Lemma 4.1.
By definitiont has fixed points on Λ(H R , θ) and sosts −1 will also have fixed points. Hence
Lemma 4.1 we conclude thatsts −1 is the standard lift of the transvection s ′ ts ′ −1 . Consider
. By Corollary 4.4 we know thatσ g (t i ) = σ g (t i ) is the standard lift of the transvection σ g (t i ) and thatσ g (h) = 2g+1 i=1σ g (t i ). In particular we havẽ
This completes the proof of part (ii) of the proposition.
We are now ready to prove part (iii). The elements h,h ∈ ∆ 1 g are products of right handed Dehn twists and so the elementsσ g (h),σ g (h) both belong to Sp(−). Since by part (i) of the proposition we know thatσ g (h),σ g (h) also belong to U (g) it follows that h andh have well defined negative displacement angles. Furthermore, note that h,h must have the same displacement angle sinceσ g (h) andσ g (h) belong to the same conjugacy class in U (g). In view of this and the fact that det is additive on U(g), it suffices to show that the displacement angle of hh is equal to −π. Since the element hh maps to the mapping class in ∆ 1 g represented by the hyperelliptic involution ι : C g → C g , it follows that σ g (hh) = −1 ∈ Sp(H, θ) ⊂ SL(H).
In particularσ g (hh) ∈ Sp(H, θ) will be the unique lift of −1, which has fixed points on Λ(H R , θ). But we already know one such lift of −1, namely the negative generator c of the center of Sp(H, θ). Indeed the center Z( Sp(H, θ)) of Sp(H, θ) is an infinite cyclic group which maps onto the center Z(Sp(H, θ)) ∼ = Z/2 of Sp(H, θ). Since the latter is generated by −1 we conclude thatσ g (hh) = c. Finally the element −1 considered as an element in U(g)
has eigenvalues e πi and so det(c) = −gπ. The proposition is proven. 2
We can now finish the proof of Theorem A. Let t 1 . . . t N = 1 be the relation in ∆ 
By the previous proposition we have χ(h) = χ(h) = −π/2. On the other hand deg(h) = deg(h) = 2g + 1 and since L is normally generated by h andh we have
Since µ ∈ L(−) this implies 
Theorem A is proven. 2
Concluding remarks
The method of proof of Theorem A can be generalized in several directions and we intend to pursue such generalizations in a forthcoming paper. We conclude the present discussion by indicating some of the possible venues of generalization: . Since Γ is a tree we can again apply Lemma 3.3 and conclude that pullback of the central extension (4.2) will be zero in H 2 (Art Γ , Z). We ca make this more precise (in the spirit of Lemma 4.11) if we manage to bound the amount of the shifting in terms of the numbers N and L mentioned in (i) above. This will
Next observe that in
give an explicit bound on the selfintersection of s in terms of N and L. Some preliminary computations we have made show that the N-L bounds one gets imply also effective bounds on s 2 which depend on N only. Estimates of this type are of independent interest since they provide a simple way to show finiteness of types of symplectic Lefshetz pencils (s 2 = −1) for a given genus g > 1.
(iv) Find arithmetic analogues of the symplectic Szpiro inequality.
It is very tempting to try to apply our method to the arithmetic situation.
In this case the analogue of the global displacement angle is clearly the height of a curve with a point. The monodromy representation corresponds to the Galois representation.
There are several problems with this approach. One of them is that there are no direct analogs of the Z-central extension in this case and the other one is that we do not yet understand what should the local inequalities be near singular fibers.
